We study the effect of weak disorder on the delocalization properties of gapped graphene superlattice (SL) formed by periodically located rectangular potential barriers. We consider two types of the SLs: the SLs with uniform gap and SLs consisting of alternating layers of gapped and gapless graphene regions. Using the perturbative approach we obtain an analytical expression for the inverse localization length (ILL) derived for the case of randomly fluctuating geometric and energetic parameters. In the first case, when the barrier (well) width fluctuates around its mean value, the corresponding equation for the ILL reveals the presence of the Fabry-Perot resonances, at which the localization length diverges. These resonances are exact, i.e., are stored in any degree of disorder. It has been found that the localization properties manifest stronger for the particles with energies lying in the non-resonant bands where our approach is extremely sensitive to the degree of disorder. For the case of weakly fluctuating both barrier and well widths we analytically obtain ILL taking correlations into account. The main effect of the correlations, which lead to an increase (or decrease) in the localization length, was revealed near the double resonance arising at coincidence of two Fabry-Perot resonances associated with barrier and well widths. The random fluctuations of the potential strength also lead to the delocalization resonances. However, they exist only in a weak-disorder approximation. We found that, for an array composed of alternating strips of gapless and gapped graphene modifications these resonances can appear only for normally incident particles in contrast to the SL with a uniform gap. For such particles, the delocalization resonances occur also in the purely random potential. This means, in particular, that in the one-dimensional case, not all the states of the massive Dirac particles are localized in the presence of weak disorder.
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I. INTRODUCTION
Recent years, much attention of both theoreticians and experimentalists has been paid to the graphene-based superlattices (SLs) [1] [2] [3] [4] [5] [6] [7] [8] [9] . Such interest results from the prediction of possible engineering the system band structure by the periodic potential. This opens different ways to fabricate graphene-based electronic devices. An undoped graphene is a zero-gap semiconductor. This property leads, in particular, to the total transparency of any potential barrier for normally incident electrons (an analog of the Klein paradox). At the same time, most electronic applications are based on the presence of a gap between valence and conduction bands. Therefore, it is crucial to induce a band gap in Dirac points to control the transport of carriers. For this purpose, several approaches have been studied both theoretically and experimentally. Among them, size quantization in armchair nanoribbons, as well as application of external electric potentials along the sample edges in zigzag nanoribbons were considered [10] [11] [12] [13] . It has been shown that the gap value increases with decreasing the nanoribbon width and strongly depends on the detailed structure of the ribbon edges. Other proposed mechanisms, which are effective also in broad graphene sheets, are strain-induced gap opening [14, 15] , chemical effects of adsorbent atoms and molecules [16] and substrate-induced band gap forma-tion owing to a breaking the sub-lattice symmetry [17] . The energy spectrum of the Dirac electrons in an epitaxially grown on a SiC substrate graphene layer has been measured by Zhou et al. [18] . They observed an opened up energy gap of about 260 meV in the electronic spectrum. It is worth noting also that the k · p Hamiltonian of other two-dimensional materials with hexagonal symmetry, such as molybdenum disulfide (MoS 2 ), is similar to the Dirac Hamiltonian for massive particles [19, 20] .
Besides, in some publications, various SLs based on graphene with spatially inhomogeneous gap (i.e., the particles mass), and the possibility of their creation are discussed [21] [22] [23] [24] [25] [26] . It was shown, that the spatial mass dependence leads to the suppression of Klein tunneling and induces confined states [21, 23] . One way of making graphene heterostructures with the required gap modulation is a deposition of graphene on an inhomogeneous substrate fabricated from different dielectrics. It is also possible to use for these purpose an inhomogeneously hydrogenated graphene or graphene sheet with nonuniformly deposited CrO 3 molecules.
In our previous works [25, 26] we investigated the electronic band structure and transport properties of graphene superlattice in which the gap and potential profile are piecewise constant functions. It was shown that in such SL, up to some critical value of potential V c , allowed subbands are separated by gaps. At V > V c the contact or cone-like Dirac points appear in the spectrum. It was also found that each a new Dirac point manifests itself as a conductivity resonance and a narrow dip in the Fano factor F similarly to a gapless SL. However between the resonances, behavior of the Fano factor in the con-sidered structure is more complicated and differs from pseudo-diffusive behavior (F = 1/3) typical for a gapless SL [27] .
Meanwhile, real graphene superlattices cannot be perfectly periodic due to random imperfections resulting, for example, from variations of the system parameters such as potential height, gap value, potential width or barrier spacing. It is well known, that in the presence of whitenoise disorder all the electronic states are localized in the thermodynamic limit for a traditional semiconductor superlattice. On the contrary, a sample of gapless graphene in the presence of a random one-dimensional potential becomes completely transparent for the normally incident particles regardless of the sample length and strength of disorder. This means, that the states of the massless Dirac particles are entirely delocalized for arbitrary disorder strength due to the chiral symmetry [28, 29] . The transport properties of disordered graphene superlattices have been studied by several groups [30] [31] [32] . It was found that the transport and spectral properties of gapless graphene superlattices created by applying either periodic or disordered smooth scalar potentials are strongly anisotropic. The dc conductance of graphene superlattice consisting of p-n junctions for various strengths of structural disorder imposed on the material has been investigated numerically in Ref. [31] . It was shown that there exists a range of angles around the normal incidence angle, for which the transmission becomes finite in the presence of structural white-noise disorder. For weakly disordered both scalar-potential and vectorpotential graphene SLs the localization behavior of massless Dirac particles was studied in Ref. [32] numerically as well as analytically by a weak-disorder expansion. In particular, strong dependence of the Lyapunov exponent (the inverse localization length) on the incident angle of the charge carriers injected to a graphene superlattice has been predicted. The effects of gap fluctuations on transmission and conductance of the monolayer and bilayer graphene SLs were treated numerically in Ref. [33] .
The aim of this work is to study the effect of weak disorder on the localization length and transport properties of disordered gapped graphene SLs including the samples with spatially inhomogeneous gap. We extend the theoretical study developed earlier for the case of gapless graphene SLs [32] and obtain an analytical expression for the localization length derived for the cases of randomly fluctuating parameters of the SLs. This expression is in a good agreement with direct simulations. We also take into account possible correlations for the case of weakly fluctuating widths of layers forming the unit cell of the superlattice.
The paper is organized as follows. Section II is devoted to the description of the model and the method. In Sec. III we present the dispersion relation and transmission for graphene-based multibarrier periodic structure with spatially dependent gap in the presence of the step-like potential. The analytical expression for the inverse localization length of periodic-on-average disor- dered graphene SLs as well as the results of numerical simulations are presented in Sec. IV. We make a summary and concluding remarks in Sec. V.
II. MODEL AND METHOD
We consider the propagation of an electron through the lateral disordered structure formed by a sequence of N barrier regions with width d n (n = 1, 2, . . . N ) separated by inter-barrir distance a n (wells), as shown in Fig. 1 . The disorder is introduced as random, small variations of the barrier strengths or other barrier characteristics (e.g., gap value in gapped graphene) as well as the barrier and well thicknesses around their mean values. In the absence of the disorder the considered system is periodic with the period l = a + d, with d = d n , a = a n . The main subject of our study is the localization length L loc , defined as
where T N is the random tramsmission coefficient of a sample of the length N l and angular brackets are used to denote averaging over different disorder realizations. To calculate the transmission coefficient, we use the common transfer-matrix approach.
In the general case, between barriars, where V (x) = 0, the wave function ψ n (x, y) can be written as ψ n (x, y) = e ikyy ψ n (x), where ψ n (x) is a superposition of the wave functions of right-and left-moving particles
and u, υ are spinor amplitudes, defined by the specific Hamiltonian. The amplitudes ψ + n = A n e ikxxn and ψ − n = B n e −ikxxn in neighboring wells are mapped from n to n + 1 by the transfer matrix for a single unit
Here reflection (r n ) and transmission (t n ) amplitudes are determined by the parameters of the nth barrier, as well as dynamic characteristics of the particles, i.e., energy E and momentumhk y . By construction, the transfer matrix across N barriers is the product
so the transmission probability
For infinite periodic structure with period l = a + d matrix elementsM n does not depend on n and the electronic band structure of the corresponding superlattice is governed by the following relation 2 cos Kl = T rM (7) with K the Bloch wave vector. As known (see, e.g., Ref. [34] ), the transmission coefficient T 0 N of the array of N identical cells ( Fig. 1 ) can be written in closed form as follows
where the Bloch phase η = Kl is defined by Eq. In the presence of weak disorder the localization length can be found by substituting Eqs. (4) - (6) into definition (1) and expanding the logarithm up to quadratic terms in disorder. To perform these calculations, we need to know the transmission and reflection amplitudes for a single barrier.
III. GAPPED GRAPHENE SUPERLATTICES
System under consideration is graphene-based multibarrier structure with spatially dependent gap∆(x) in the presence of the step-like potential V (x). For a periodic system V (x) = V (x + l),∆(x) =∆(x + l), where
The wave functions of charged particles in such model obey the Dirac equation with the Hamiltonian
withp -the momentum operator, σ = (σ x , σ y ), σ z the Pauli matrices and υ F ≈ 10 6 ms −1 the Fermi velocity. The equation (Ĥ − E)ψ = 0 admits the plain wave solution of the form ψ(x, y) = e ikyy ψ(x) with
For convenience, hereafter all lengths will be expressed in the units of the mean period l. The natural energy scale is E SL =h υF l (E SL ≈ 6.25 meV for l = 100 nm), so that other dimensionless parameters are ε = E/E SL , υ(x) = V (x)/E SL , ∆(x) =∆(x)/E SL , where V (x) and ∆(x) in the barrier and well regions are determined by Eq. (9) . Q is the dimensionless wave vector along the x-axis
where
By applying the continuity of the wave function at the boundaries, we obtain the transmission (t) and reflection (r) amplitudes for electrons incident at an angle θ 0 with respect to the x-axis ( Fig. 1 )
where β = q x d, k = ε 2 − ∆ 2 0 the particle wave vector outside the barrier, θ 0 = tan −1 ky kx . Then tunneling through a single barrier is given by
Transmittance through a single well differs from this expression only by replacing β → α = k x a. At ∆ = ∆ 0 = 0 the expression (16) coincides with the similar to gapless graphene [35] , and for ∆ 0 = 0, ∆ = 0 is the same as that established in Ref. [26] . Using Eq. (8), we obtain the transmission across N identical barriers
where Bloch phase η according to Eqs. (4), (7), (14) can be obtained from dispersion relation
As follows from the expression (18) (17)determining transport properties and the energy spectrum of the SLs has the same form
where wave vectors k x and q x are defined by formula (13) for each type of the superlattice.
IV. LOCALIZATION LENGTH FOR DISORDERED GRAPHENE STRUCTURES
In what follows, we consider the disordered multibarrier graphene structures in which the disorder is caused by random fluctuations of barrier strength, or gap magnitude (inside the barriers) as well as by random variations of both barrier and well widths. Specifically, we assume a weakness of both types of disorder
Here the index n enumerates the nth unit (d, a) cell, ρ s n is random uncorrelated variables with zero average and small variances σ 2 s ≪ 1, i.e.
The averaging . . . is performed over the whole array of layers or due to the ensemble averaging, that is equivalent to the assumption. Numerically, for generating random sequences ρ s n we use the flat distribution on a finite interval [−δ, δ]. An analytical expression for the inverse localization length (ILL) γ can be obtained by the method of perturbation theory. To do this, follow Zhao et.al. [32] , represent the expression for the transfer matrix for a single unit (4) as
where sin ϕ n = |r n |, cos ϕ n = |t n | and the parameters m n and p n are determined by the value of k x a and the phases of the reflected and transmitted waves (Eq. (4)). Then the weak-disorder ILL or Lyapunov exponent depends only on the parameters of the underlying regular array
where the prime (. . . ) ′ denotes differentiation with respect to the perturbation variable s. Using Eqs. (14), (15) it is not difficult to show that for the considered gapped SLs
Note that Eq. (24) is correct inside the energy bands (T rM < 2) apart from the band edges η = 0, π. When T rM > 2, the energy lies in the forbidden miniband. In this case ILL γ s is defined by λ + , the largest of two eigenvalues of the transfer matrixM γ s = ln |λ + |. Using the weak-disorder approach it is possible to generalize the expression for ILL (24) to the case when the correlations of fluctuating quantities (e.g., the geometric parameters of the structure) exist. Details of the calculation are given in the Appendix.
A. Geometric disorder
For weakly fluctuating widths of layers (positional or geometric disorder), according to Eqs. (24), (A9) the Lyapunov exponent, which includes the correlation term, can be written as where f (ε, k y ) is given by Eq. (20) and two types of the considered gapped graphene structures differ only in the value of the wave vector k x in well region k x = k
y for the SL with uniform gap and k x = k MSL x = ε 2 − k 2 y for the SL with piecewise constant gap.
Assume that only the distances between the barriers display random fluctuations around their mean value a, that is σ
2 /3 and δ determines the degree of disorder. In this case Eq. (29) indicates that the localization length turns into infinity when performing the Fabry-Perot resonance conditions q x d = πm. Moreover, this result is exact, that is valid for any degree of disorder. Indeed, in this case transmission amplitude across a single barrier t = 1 (14) resulting in total transparency of the array from N identical barriers located randomly. Figure 2 
2(d))
. The potential strength is υ = π and the gap value is ∆ = π/3. Numerical data are obtained for an array size N = 10 3 with additional average over 80 realization. From Figs. 2(a) , 2(c) it can be seen that the theoretical expressions for the inverse localization length for both models of the SL provide a very good description for the case of weak disorder (δ = 0.05) for this range of energies. For higher disorder strength (δ = 0.2) the agreement between the analytical and numerical calculations remains good for the SL with a uniform gap at least for energies ε > 8 ( Fig. 2(d) ). But the lattice formed by alternating stripes of the gapped and gapless graphene (MSL), is more sensitive to fluctuations of the inter-barrier distance (Fig. 2(b) ). It is also clearly seen that in the neighborhood of the Fabry-Perot resonances the localization is strongly suppressed and the greater the amount of the disorder, the narrower this neighborhood. These results are in complete correspondence with those obtained (and has been confirmed experimentally) in Ref. [39] , which deals with the propagation of electromagnetic waves through one-dimensional disordered bilayer structures whose unit cell consists of two different For the array with randomly varying both barrier width and inter-barrier spacing the ILL γ a,d is obtained from the general expression (29) . As above, we take a = d. Then for uniform random perturbation with the same amplitudes on both layers, we have σ
. If the disorder is uncorrelated, then σ ad = 0. For completely correlated disorder, when the barrier and well widths in the period change in the same way, we have σ ad = δ 2 /3. In the case of completely anticorrelated disorder period of the SL remains constant and we take σ ad = −δ 2 /3 [40] . For the Fabry-Perot resonances occurring when α = πn or β = πk with n, k = 1; 2; 3; . . . , the factor sin α or sin β in Eq. (29) vanishes, so that the correlations do not affect the localization properties of the structure. It may happen that some of the resonances due to different graphene layers coincide for certain values of ε and θ 0 that it is possible under the condition sin α = 0, sin β = 0. But under these conditions the denominator γ a,d vanishes also (19) , so localization length remains finite and its value significantly depends on the existing correlations. In Fig. 3 corresponding to such resonances close to the minimum values of the ILL in the relevant energy bands, but do not coincide with them. It is interesting also to note that for the SLs with spatially inhomogeneous gap the resonance values of the ILL does not depend on the energy approximate analytical calculations with numerical data in the first and third energy bands, even with such a relatively small amount of disorder, as δ = 0.005. In the central energy band, containing double resonance, our analytical predictions, based on the formula (29) , are more consistent with the numerical data. Clearly seen, that the most influence of correlations appear close to the double resonance: completely correlated disorder suppresses the localization length (Fig. 3(b) ) and anticorrelated disorder term in Eq. (29) leads to its increasing (Fig. 3(c) ). For the superlatice with uniform gap the results are similar.
B. Compositional disorder
In the case when the barrier height fluctuates around their mean value the Lyapunov exponent γ given by Eq. (24) for both types of superlattices is defined by the
and
with
Expression (35) takes the simple form in the limiting case of δ-function barriers (that is when d → 0, υ → ∞ but such that their product remains constant υd = ϕ)
with cos η = cos α cos ϕ + ε k x sin α sin ϕ.
Here ϕ denotes the mean value of the "potential" at the n-th site: ϕ n = ϕ + δϕ n , where δϕ n are homogeneous random perturbations andσ 2 ϕ = δϕ 2 . In this case, the dependence of ILL on the barrier characteristics (υ and d) are determined only by means parameter ϕ therefore, the formula (38) can also be obtained as a limit of the expression (29) provided that only barrier width fluctuates. It is obvious that in the limit of very narrow (d → 0) barriers superlattice with non-uniform gap becomes gapless and the equation (38) at ∆ = 0 coincides with that of Ref. [30] . The presence of a gap leads to localization of the particles incident on the structure at arbitrary angles, with the exception of delocalization resonances (α = πn, n = 1, 2, . . . ) that as in the case of gapless SL are exact for arbitrary disorder strength. When ϕ = 0, that is for purely random δ-potential Eq. (38) reduces to γ
, which means complete localization of massive Dirac particles in such structure.
Now we return to the general case of a rectangular potential superlattices. As can be seen from the equation (31) , for array with non-uniform gap all the states with k y = 0 (i.e., in the case of oblique incidence of the particles) are localized. When incidence angle θ 0 = 0 perturbative delocalization resonances are determined vanishing expression in round brackets in Eq. (31), but unlike the geometric disorder, they exist only for weak disorder strength (Figs. 4(a), 4(b) ). The weak-disorder expansion for the Lyapunov exponent for graphene SLs with uniform gap γ and for k y = 0 the Lyapunov exponent Eq. (35) reduced to
Unlike the case of δ-function barriers, this expression vanishes for the resonance energies
leading to divergence of the localization length (Fig. 5) . This contradicts the statement of Ref. [29] that, in onedimensional case massive Dirac particles should be localized for any weak disorders.
In the case where a fluctuating parameter is the gap value in the barrier region (and in the intervals between the barriers still ∆ = 0), we find from Eqs. (24) - (28) 
Similarly to the previous case of fluctuating barrier height, the weak-disorder resonances are possible only for normally incident particles. Note that although these resonances obtained in the weak-disorder approximation they survive at significant deviations of the gap from its average value. Thus, numerical simulations carried out for the MSL with υ = π, ∆ = 4π/9 at k y = 0 showed that at 20% of the gap fluctuation resonance remains well defined, although in the non-resonant zones there is a significant discrepancy between the approximate analytical (42) and numerical results.
V. CONCLUSION
In summary, we have studied the localization behavior of Dirac particles in disordered graphene superlattices. Using the weak-disorder approximation, we obtained the analytical expression for the inverse localization length (Lyapunov exponent). The main attention was drawn to the two models of the SLs. One of them corresponds to the massive Dirac particles (the SL with homogeneous gap) in the presence of one-dimensional piecewise constant potentials. Another discussed model is a layered structure, made of gapped and gapless graphene strips. It is obvious, that the presence of a gapped graphene fraction in disordered SLs leads to suppression of the Klein tunneling and localization of Dirac particles with zero incidence angles. When the disorder emerges due to random thickness variations in the well (or barrier) layer the Fabry-Perot resonances leading to divergence of the localization length arise in the discussed SLs like in other models of the Kronig-Penney type. This result holds for the SLs, i.e. for infinite systems. When we consider a transmission probability through the lateral structure of finite length L = N l, composed of alternating barrier and well strips (with the same or different gap magnitudes), the outer regions (x < 0 and x > L) may correspond to both the well and the barrier parameters. Obviously, the transmittance will depend on these boundary conditions: T N -for the well outer regions and T ′ N for the barrier ones. For example, when the width of wells fluctuate and resonance conditions q x d = πn are fulfilled, each of the barriers (and hence N barriers) becomes completely transparent, i.e. T N = 1 for any N and for any strength of disorder. At the same time, the equation γ = 0 means that corresponding transmission probability through N wells T ′ N cannot be an exponentially decaying function of N (numerical data indicate that T ′ N does not decrease for a system made up of a sufficiently large number of layers). We also received the analytical expression for the localization length for the case of weakly fluctuating both barrier and well widths, taking into account possible correlations in disorder. We have studied and compared the cases where disorder is uncorrelated to cases where it is entirely correlated and anticorrelated. The main effect of the correlations, leading to an increase (or decrease) in the localization length, was found in the vicinities of double resonance arising under the conditions sin k x a = 0, sin q x d = 0.
Also, delocalization resonances for both types of the SL are obtained for the barriers with randomly varying height, but in contrast to the Fabry-Perot resonances, they are approximate. Resonance values of energy and angle of incidence are determined by the parameters of the system and, in general, can be found only numerically. Corresponding expressions for γ υ ((31), (35) ) demonstrate distinct features of two superlattice models: for massive Dirac particle resonance condition can be performed at arbitrary angles of incidence, while in the structures with non-uniform gap such weak-disorder delocalization is possible only for the Dirac particles with zero incidence angle. Interestingly, the delocalization states exist in one dimension (i.e. when θ 0 = 0) for the massive Dirac particles with energies ε n (41) placed in the purely random potential i.e., with the barrier height υ n being a constant, randomly distributed in a certain range, which determines the degree of disorder. At the same time, for the disordered δ-function potential without a regular superlattice component all the states are localized.
The obtained results for the localization length can be used for finding an analytical expression for the transmission coefficient through the finite-size disordered graphene system. In turn, it is possible to apply this expression to an analysis of conductance and resistance. However the analytical results were obtained by statistical averaging. Therefore, their comparison with corresponding experimental data requires sufficiently long structures. Despite this limitation, such a comparison for a single-mode microwave waveguide composed of relatively small number of cells (N = 26) has shown quite good agreement in the case of weak disorder for the whole range of frequencies [39] . In graphene heterostructures, a finiteness (or rather smallness) of mean free path and phase coherence length is another limiting factor for the emergence of sizable disordered superlattice effects (in particular the delocalization Fabry-Perot resonances). Accordingly, samples with high carriers mobility and small superlattice period are needed.
VI. ACKNOWLEDGMENTS
The authors thank A.M. Satanin and A. Konakov for interesting discussion. We also are grateful to V.A. Burdov for his interest in this investigation and for helpful remarks. E.S.A. acknowledges support by the "Dynasty" Foundation. 
Here the matrixM (4) and derivatives ofM with respect to the fluctuating superlattice dimensions (M ′ and M ′′ ) determined by the parameters of unperturbed SL. Following Ref. [32] , we find the matrix element (P N ) 11 , using the representation (M -representation) in which the matrixM is diagonalM →M =diag(λ + , λ − )
